Based on the analysis of second-order moments, a generalized canonical representation of a two-dimensional optical signal is proposed, which is associated with the angular Poincaré sphere. Vortex-free (or zero-twist) optical beams arise on the equator of this sphere, while beams with a maximum vorticity (or maximum twist) are located at the poles. An easy way is shown how the latitude on the sphere, which is a measure for the degree of vorticity, can be derived from the second-order moments. The latitude is invariant when the beam propagates through a first-order optical system between conjugate planes. To change the vorticity of a beam, a system that does not operate between conjugate planes is needed, with the gyrator as the prime representative of such a system. A direct way is derived to find an optical system (consisting of a lens, a magnifier, a rotator, and a gyrator) that transforms a beam with an arbitrary moment matrix into its canonical form.
INTRODUCTION
It is common to use the angular Poincaré sphere for the representation of the polarization [1] (or, in other words, the spin components of the angular momentum) of a radiation beam. This approach has recently been generalized [2] [3] [4] [5] [6] to the case of Gaussian-type modes, which may possess orbital angular momentum. In the present paper we propose to use this formalism for the description of an arbitrary scalar two-dimensional signal, which might be deterministic or stochastic (i.e., completely coherent or partially coherent).
An optical beam is usually characterized by the ten central second-order moments of its Wigner distribution [7, 8] , arranged in a 4 ϫ 4 matrix M. These moments provide information about the beam's transversal width, its far-field divergence, the z-component of the orbital angular momentum, its principal axes, several quality parameters, etc. [9] . Furthermore, based on the knowledge of the second-order moments, we can separate all beams into two groups: intrinsically isotropic beams on the one hand and anisotropic ones on the other [10] . To characterize the anisotropy, we use the Poincaré sphere.
After transforming an arbitrary signal into its canonical form, corresponding to a diagonal moment matrix [10, 11] , we associate the resulting state with the intersection of the main meridian and the equator on the Poincaré sphere. However, the actual state of the original signal itself may be different from the one of its canonical form, which-as a matter of fact-always corresponds to zero vorticity.
In this paper we introduce a generalized canonical form that allows us to represent the signal as a point on the Poincaré sphere. The latitude of this point corresponds to the vorticity of the beam (i.e., the value of the z-component of the orbital angular momentum), while its longitude corresponds to the orientation of the beam's principal axis. We show a way to express the latitude on the sphere directly in terms of the second-order moments. Moreover, we observe that the latitude is invariant when the beam propagates through a first-order optical system between conjugate planes. If we identify the vorticity of a beam with this latitude, we conclude that the vorticity can only change when the beam propagates through a non-conjugate system, with the gyrator as the prime representative.
We also show a direct way to find an optical system (in general consisting of a lens, a magnifier, a rotator, and a gyrator) that transforms a beam with an arbitrary moment matrix into its canonical form. Such a system has a clear physical meaning: (i) the lens cancels the quadratic phase front of the initial beam; (ii) the subsequent magnifier matches the beam's space moments with its spatialfrequency moments; (iii) the rotator aligns the beam to its principal axis; and (iv) the gyrator expresses the vorticity of the beam. The proposed approach may be useful for different applications such as beam characterization and signal analysis and synthesis.
In the above expressions, r = ͓x , y͔ t represents the transversal space coordinates x and y in the form of a column vector, and q = ͓u , v͔ t is a similar representation of the spatial-frequency variables u and v. For convenience, we use dimensionless space and spatial-frequency variables r and q, normalized in the x and y directions to w x,y and w x,y −1 , respectively. The definition (1) is valid for a general optical signal, which may be partially coherent; we recall that for a coherent signal f͑r͒, the cross-spectral density ⌫͑r 1 , r 2 ͒ reduces to the product f͑r 1 ͒f*͑r 2 ͒.
With E = ͐͐W͑r , q͒drdq denoting the total energy of the optical signal, the central second-order moments of the Wigner distribution are defined as [8] 
with ten degrees of freedom. We have chosen the origin of the coordinate system such that the first-order moments vanish: ͐͐rW͑r , q͒drdq = ͐͐qW͑r , q͒drdq = 0.
FIRST-ORDER OPTICAL SYSTEM AND ITS SYMPLECTIC RAY TRANSFORMATION MATRIX
To study the propagation of an optical signal (and in particular its moments) through a first-order optical system, we need to know how its Wigner distribution is transformed by such a system. We recall that a lossless firstorder optical system [12] can be described by its real symplectic 4 ϫ 4 ray transformation matrix T, which relates the position vector r i and direction vector q i of an incoming ray to the position vector r o and direction vector q o of the outgoing one:
͑4͒
Symplecticity of the matrix T is defined as 
This input-output relation will be the basis for our further analysis.
CANONICAL FORM ⌬ OF THE MOMENT MATRIX M
According to Williamson's theorem [10, 11] , for any positive-definite real symmetric 4 ϫ 4 matrix M, there exists a real symplectic matrix T o such that
cf. Eq. (6), where ⌬ takes the canonical form
͑8͒
From the input-output relation (7), written in the form M͑T ot ͒ −1 = T o ⌬, and the symplecticity condition (5), hence ͑T ot ͒ −1 = JT o J, we easily derive [8] ͑MJ͒T o = T o ͑⌬J͒, and we conclude that the diagonal matrix ⌬ follows directly from the eigenvalues ± x and ± y of the permutated moment matrix MJ, and that T o follows from the eigenvectors of ͑MJ͒ 2 :
As a matter of fact, the determination of the canonical eigenvalues x and y is easy: from the two moment invariants
we get immediately
and thus
͑11͒
Note that I 2 /2I 1 = 1 2 ͑ x / y + y / x ͒ ജ 1 and that the equality sign arises for x = y . The equality of x and y corresponds to the intrinsically isotropic case, while x y corresponds to the anisotropic case [10] .
MODIFIED IWASAWA DECOMPOSITION AND ORTHOSYMPLECTIC SYSTEMS
To analyze how a moment matrix M can be brought into its canonical form ⌬, we represent the ray transformation matrix T o that appears in Eq. (7) in its modified Iwasawa decomposition [10, [13] [14] [15] [16] . We write
in which cascade the first matrix, T l ͑L͒, corresponds to an anamorphic lens L͑L͒ described by the symmetric matrix
the second matrix, T m ͑S͒, corresponds to a magnifier M͑S͒ described by the positive-definite symmetric matrix
and the third matrix, T o ͑X + iY͒, corresponds to a socalled orthosymplectic system O͑U͒ described by the unitary matrix
where the superscript † represents the combined action of conjugation and transposition: U † = ͑U*͒ t . Note that the ray transformation matrix T o of an orthosymplectic system is not only symplectic, but also orthogonal:
Any first-order optical system can thus be realized by means of the cascade L͑L͒M͑S͒O͑U͒. In Section 6 we will concentrate on the orthosymplectic part O͑U͒ and study its effect when it operates on a beam whose moment matrix is in the canonical form ⌬. As a preparation, we recall some basic properties of orthosymplectic systems.
Three basic orthosymplectic systems are: the separable fractional Fourier transformer F͑␥ 1 , ␥ 2 ͒, the rotator R͑͒, and the gyrator G͑͒, defined by the unitary matrices
and with ray transformation matrices T f ͑␥ 1 , ␥ 2 ͒, T r ͑͒, T g ͑͒, respectively. These basic systems are additive in their parameters and correspond to rotations in phase space: the rotator R͑͒ performs a rotation through an angle in the xy and the uv planes, the gyrator G͑͒ in the xu and yv planes, and the separable fractional Fourier transformer F͑␥ 1 , ␥ 2 ͒ in the xu plane (through an angle ␥ 1 ) and the yv plane (through an angle ␥ 2 ). From the many decompositions of a general orthosymplectic system O͑U͒ into more basic ones, we mention in particular
which follows from the identities
where the angles ␣ and ␤ are related to ␥ and by sin 2␤ = sin 2 sin ␥, ͑17a͒ cos 2 = cos 2␣ cos 2␤, ͑17b͒
and follows from tan = tan ␣ tan ␤.
GENERALIZED CANONICAL FORM M o
Let us consider a moment matrix M o that can be brought into its canonical form ⌬ by means of an orthosymplectic system O͑U͒:
The 
In the intrinsically isotropic case [10] , with x = y = , we have M rr o + iM rq o = I, and thus M rr o = I and M rq o = 0; hence, the moment matrix M o = ⌬ = I is a scalar matrix. For a separable fractional Fourier transformer
and we conclude that such a system has no effect on the moments. In the basic cascade (15), we can thus ignore the separable fractional Fourier transformer F͑␥ x − , ␥ y + ͒, and we can restrict ourselves to the subsystem R͑−␣͒G͑−␤͒. The generalized canonical form can then be generated by letting the cascade of a rotator and a gyrator, R͑−␣͒G͑−␤͒, operate upon the canonical form, in which case Eq. (19) yields
Equation (20) leads in detail to the expressions
and also m xu o = m yv o = m yu o + m xv o = 0. Note that M o has only four degrees of freedom.
REPRESENTATION OF THE GENERALIZED CANONICAL FORM M o ON THE ANGULAR POINCARÈ SPHERE
Let us now represent the generalized canonical form of a beam (i.e., with a moment matrix of the form M o ) on the angular Poincaré sphere. With
and with ͓Q 1 , Q 2 , Q 3 ͔ representing the components of the orbital angular momentum [2, 4] , the canonical form ⌬, for which M o satisfies the additional condition m xy o = m xv o =0, can be represented on the angular Poincaré sphere [2, 4] with radius Q and located at the point ͓Q 1 , Q 2 , Q 3 ͔ = ͓Q ,0,0͔, which is the point where the equator (in the plane Q 3 = 0) and the main meridian (in the plane Q 2 =0) cross. From Eqs. (21b)-(21d) we conclude that the general cascade R͑−␣͒G͑−␤͒ yields ͓Q 1 ,Q 2 ,Q 3 ͔ = ͓Q cos 2␤ cos 2␣,Q cos 2␤ sin 2␣,Q sin 2␤͔, and that, starting from the point ͓Q ,0,0͔, the entire sphere can thus be populated: the gyrator G͑−␤͒ brings us from ͓Q ,0,0͔ to the point ͓Q cos 2␤ ,0,Q sin 2␤͔ on the main meridian with the correct latitude 2␤, and the subsequent rotator R͑−␣͒ then brings us to the correct longitude 2␣. We conclude that the canonical form of a beam, located at ͓Q ,0,0͔ on the Poincaré sphere, can be considered as a generator for beams with the same value of Q but with different orientations of the orbital angular momentum.
CONJUGATE CANONICAL FORM M o "␤…
As a consequence of the results of the previous section, the system with ray transformation matrix T o can be reduced to L͑L͒M͑S͒R͑−␣͒G͑−␤͒, and we remark that the subsystem L͑L͒M͑S͒R͑−␣͒ is a system that operates between conjugate planes. Based on this observation, we introduce the conjugate canonical form M o ͑␤͒,
which arises when we let the gyrator G͑−␤͒ operate upon the canonical form ⌬ and which is located on the main meridian ͑Q 2 =0͒ of the Poincaré sphere. We have
cf. Eq. (20) 
From Eqs. (28a) and (28b) we get the relationship
which will play an important role later, and we also note that
We finally remark that the rotator R͑−␣͒ in the cascade L͑L͒M͑S͒R͑−␣͒ may be shifted to the other end of the cascade, leading to R͑−␣͒L͑L ͒M͑S ͒, with the original lens and magnifier rotated through the angle ␣: L = U r ͑␣͒LU r ͑−␣͒ and S = U r ͑␣͒SU r ͑−␣͒. From this observation we conclude that-unlike the latitude-the longitude of the generalized canonical form on the Poincaré sphere does not have a strong physical meaning: it is solely determined by the choice of the transverse coordinate system, i.e., by the actual orientations of the x and y axes. A rotation of the coordinate system around the z axis corresponds to a rotation of the Poincaré sphere around the polar axis.
A. One-Dimensional Case
In the one-dimensional case, 
B. Intrinsically Isotropic Case
The intrinsically isotropic case x = y = strongly resembles the one-dimensional case. We then have ⌳ = I, the orthosymplectic subsystem R͑−␣͒G͑−␤͒ is now irrelevant, and the moment matrix M can be expressed as 
͑32͒
with S 2 = −1 M rr and −L = M rr −1 M rq . We remark that the matrix −1 M is symplectic and we recall that when a symplectic moment matrix M propagates through an ABCD system, its symplectic character is preserved, the proportionality factor remains the same, and −L ± iS −2 = M rr −1 ͑M rq ± iI͒ ¬ Z ± propagates according to the bilinear ABCD law [8] 
The latter propagation law is an easy equivalent for the input-output relation (6) . To see the strong resemblance between the intrinsically isotropic case and the one-dimensional case, we remark that the relations M rr t . In Section 9 we will relate the latter case to the appearance of twist.
TWIST AND ORBITAL ANGULAR MOMENTUM
In the general two-dimensional case, the moment matrix M can be decomposed in the form
We recall that when the matrix M rr −1 M rq is symmetric, which happens for ␤ = 0, it defines immediately the lens in the decomposition (27a): L =−M rr −1 M rq . The twist of a beam [17] [18] [19] [20] [21] [22] [23] [24] .
͑35͒
Note that the numerator in the above expression corresponds to the asymmetry of M rq M rr , i.e., to the upper offdiagonal element of M rq M rr − ͑M rq M rr ͒ t . Another quantity that is defined by means of the second-order moments is the orbital angular momentum [25] [26] [27] 
i.e., the asymmetry of the matrix M rq . Note that in the case of a beam with a symmetrical intensity profile, i.e., m xx = m yy and m xy = 0, the orbital angular momentum is identical to the twist, and the difference ⌳ − T may thus act in general as a measure for the asymmetry of the beam. Using Eqs. (21a)-(21d) and (25a)-(25c), we easily derive that for the generalized and conjugate canonical forms we have
Considered as a function of ␤, the orbital angular momentum ⌳ o and the twist T o take their extremum values when 2␤ = ± 1 2 , i.e., at the poles of the Poincaré sphere:
, if the generalized canonical form is located on the equator of the Poincaré sphere, the twist and the orbital angular momentum vanish.
A. Propagation of the Twist between Conjugate Planes
We will prove the important property that T is an invariant if the light propagates in a first-order optical system between conjugate planes. Propagation between conjugate planes can be described by the ray transformation matrix
where L = L t is a symmetric matrix that can be associated with a lens. Using the input-output relation (6), we easily derive
From Eq. (40a) we see that
As the matrix A͑M rr ͒ i A t LA͑M rr ͒ i A t in Eq. (40c) is symmetric, the asymmetry of ͑M rq M rr ͒ o is equal to the asymmetry of A͑M rq M rr ͒ i A t , which in its turn is equal to the asymmetry of ͑M rq M rr ͒ i det A. Both the numerator and the denominator in the expression for T, see Eq. (35), scale with the same factor det A, and we thus conclude that the twist T o in the output plane equals the twist T i in the input plane.
Since T is an invariant between conjugate planes, the twist of the beam with moment matrix M is identical to the twist of its generalized canonical form M o and its conjugate canonical form M o . We thus have found a direct way to express the latitude 2␤ of the generalized canonical form on the Poincaré sphere (or its component Q 3 = Q sin 2␤ =2m xv o ) in terms of the entries of the moment matrix M. We only need to determine the canonical eigenvalues x,y via Eq. (11) and the twist T via Eq. (35), and then use Eqs. (37) and (38) to get
x y has been depicted in Fig. 1 .
B. Propagation of the Orbital Angular Momentum in an Isotropic System
We recall that the orbital angular momentum ⌳ is invariant in an isotropic first-order optical system [28] [29] [30] , for which the ray transformation matrix can be expressed as
Such an invariance does not generally hold for the twist, but it may hold if the signal satisfies additional conditions. In the case of a rotationally symmetric beam, for instance, for which [31] we easily verify that the twist T equals the orbital angular momentum ⌳ =2m xv and is thus invariant.
GENERAL TWO-DIMENSIONAL CASE
In the most general case, we can find the system that brings the moment matrix M into its canonical form ⌬, still without having to determine the symplectic matrix T o whose columns are the eigenvectors of ͑MJ͒ 2 , see Eq. (9). We start with Eq. (34). Using the canonical decomposition for the block-diagonal inner matrix, which is positive definite symmetric like M itself, this inner matrix can be written in the form
say, where the canonical form G contains the canonical eigenvalues g x,y of this inner matrix, and where the magnifier matrix S and the rotator angle ␣ can be determined along the lines described in Appendix A. We can thus ex- press the moment matrix M as
where
and m
For the details how to convert Eq. (47) 
, where the sign depends on the sign of h, is then located at one of the poles of the Poincaré sphere.
CONCLUSION
In this paper we have generalized the way in which Gaussian-type modes are represented on the angular Poincaré sphere, to general two-dimensional signals. It was shown that, with the help of a lens and a magnifier, any two-dimensional beam can be transformed into a beam for which the matrix of second-order moments has the generalized canonical form M o . By ordering the entries of M o in such a way that the three components of the beam's orbital angular momentum arise, and based on the way in which a rotator and a gyrator act on a beam in its canonical form ⌬, we were able to locate the beam on a certain point on the Poincaré sphere. We have shown an easy way how the entries of the diagonal matrix ⌬, i.e., the canonical eigenvalues x and y , can be derived directly from the second-order moments; see also [10] .
We have then shown that the intrinsically isotropic case-i.e., the case for which the canonical form takes the form of a scalar matrix, ⌬ = I, and the Poincaré sphere reduces to a point-corresponds to the case that −1 M is a symplectic matrix. The moment matrix has then only seven degrees of freedom, in accordance with (i) the three degrees of freedom of the lens, (ii) the three degrees of freedom of the magnifier, and (iii) the canonical eigenvalue x = y = . The lens and the magnifier follow easily from the moment matrix M.
Subsequently, we have studied the case for which the generalized canonical form M o is located on the equator of the Poincaré sphere, and we have shown that this case corresponds to a moment matrix M with zero-twist. The moment matrix then satisfies the symmetry condition M rq M rr = M rr M rq t and has nine degrees of freedom, in accordance with (i) the three degrees of freedom of the lens, (ii) the three degrees of freedom of the magnifier, (iii) the two canonical eigenvalues, and (iv) an additional rotation along the equator. We have shown a direct way to determine the lens, the magnifier, and the rotation angle from the second-order moments.
In the most general case, with the moment matrix having the full ten degrees of freedom, the generalized canonical form may be located off the equator, i.e., its latitude may be nonzero. The general case corresponds to a moment matrix that has twist, and we have related the degree of twist to the latitude of the generalized canonical form. In particular, we were able to express the latitude directly in terms of the canonical eigenvalues x,y and the twist T. We have also shown that the twist parameter T of a beam, whose value is bounded by ±͑ x − y ͒, is invariant when this beam propagates through a first-order optical system between conjugate planes. Due to this invariance and its easy measurability, the twist parameter is a good candidate to describe the vortex part of the orbital angular momentum.
Finally, we have shown a direct way to find an optical system (in general consisting of a lens, a magnifier, a rotator, and a gyrator) that transforms a beam with an arbitrary moment matrix into its canonical form. In the resulting cascade, the lens cancels the quadratic phase front of the initial beam, the subsequent magnifier matches the space moments and the spatial-frequency moments of the beam, and the rotator aligns the beam with its principal axes.
APPENDIX A: THE CASE ␤=0
When M rq M rr = M rr M rq t , which results in ␤ = 0, we can determine the lens L͑L͒, the magnifier M͑S͒, and the rotator R͑−␣͒ directly from the entries of the moment matrix. The matrix L follows immediately as L =−M rr −1 M rq , cf. Eqs. (27a) and (27b). To determine the remaining variables S and ␣, let us consider the reduced matrix M L , cf. Eq. (27a):
We recall that det M rr We finally derive ␣ from Eq. (29).
APPENDIX B: FROM EQ. (47) TO EQ. (48)
Let us start with Eq. (47), which we repeat here for convenience:
Using the identity
we can change the order of the matrices in the cascade (B1) and write 
